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a b s t r a c t
We consider a quasilinear parabolic system of the form
A(t)|ut |m−2ut −∆u+
∫ t
0
g(t − s)∆u(x, s)ds = 0,
form ≥ 2, A(t) a bounded and positive definite matrix, and g a continuously differentiable
decaying function and establish a general decay result from which the usual exponential
and polynomial decay results are only special cases.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, we consider the following problem
A(t)|ut |m−2ut −∆u+
∫ t
0
g(t − s)∆u(x, s)ds = 0
u(x, t) = 0, x ∈ ∂Ω, t ≥ 0
u(x, 0) = u0(x), x ∈ Ω,
(1)
where m ≥ 2 and Ω is a bounded open subset of Rn (n ≥ 1). The values of u are taken in Rn and A ∈ C(R+) is a bounded
square matrix satisfying
(A(t)v, v) ≥ c0 |v|2 , ∀t ∈ R+, v ∈ Rn, (2)
where (., .) is the inner product in Rn and c0 > 0. The equation in consideration arises from a variety of mathematical
models in engineering and physical sciences. For example, in the study of heat conduction in materials with memory, the
classical Fourier’s law is replaced by the following form (cf. [1]):
q = −d∇u−
∫ t
−∞
∇ [k(x, t)u(x, τ )] dτ ,
where u is the temperature, d the diffusion coefficient and the integral term represents the memory effect in the material.
The study of this type of equations has drawn a considerable attention; see [1–3]. From a mathematical point of view, one
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would expect that the integral term should be dominated by the leading term in the equation. Therefore, the theory of
parabolic equation should be applicable to this type of equations. In fact, this has been confirmed by the work of Yin [3], in
which he considered a general equation of the form
ut = div A(x, t, u, ux)+ a(x, t, u, ux)+
∫ t
0
div B(x, t, τ , u, ux)dτ .
Under some conditions on A, B and a, similarly to the case of parabolic equations, the existence of a unique weak solution is
established.
In the absence of the memory term, research of global existence and finite time blow up of solutions for the initial
boundary value problem
ut − div(|∇u|α−2∇u)+ f (u) = 0, x ∈ Ω, t > 0
u(x, t) = 0, x ∈ ∂Ω, t ≥ 0
u(x, 0) = u0(x), x ∈ Ω,
(3)
where α ≥ 2 andΩ is a bounded domain of Rn (n ≥ 1), with a smooth boundary ∂Ω , has attracted a great deal of people.
The obtained results show that global existence and nonexistence depend roughly on α, the degree of nonlinearity in f , the
dimension n, and the size of the initial data. See in this regard, the works of Levine [4], Kalantarov and Ladyzhenskaya [5],
Levine et al. [6], Messaoudi [7].
Results concerning global existence, asymptotic behavior, and gradient have been proved by Nakao and Ohara [8], Nakao,
Chen [9], and Engler et al. [10]. For the quasilinear case, Pucci and Serrin [11] discussed the following system
A(t)|ut |m−2ut = ∆u− f (x, u),
for m > 1 and f satisfying (f (x, u), u) ≥ 0 and showed that strong solutions tend to the rest state as t → ∞, however
no rate of decay has been given. Berrimi and Messaoudi [12] showed that if A satisfies (2) then solutions with small initial
energy decay exponentially form = 2 and polynomially ifm > 2.
In this work we discuss (1), when g is of a more general decay, and show that the rate of decay of the energy is similar to
that of g whenm ≥ 2. Our results improves the one in Berrimi and Messaoudi [12].
2. Preliminaries
In this section, we present some material needed in the proof of our result. For the relaxation function g we assume
(G1) g : R+ → R+ is a differentiable function satisfying
g(0) > 0, 1−
∫ ∞
0
g(s)ds = l > 0.
(G2) There exists a nonincreasing differentiable function ξ : R+ → R+ satisfying
g ′(t) ≤ −ξ(t)g(t), t ≥ 0.
(G3) We also assume that
2 ≤ m ≤ 2n
n− 2 , if n ≥ 3
m ≥ 2, if n = 1, 2.
Remark 2.1. There are many functions satisfying (G1) and (G2). Examples of such functions are
g1(t) = ae−b(t+1)p , 0 < p ≤ 1 and g2(t) = a
(1+ t)[ln(1+ t)]ν .
Wewill also be using the embeddingH10 (Ω) ↩→ Lq(Ω), Lr(Ω) ↩→ Lq(Ω), and Poincaré’s inequality. The same embedding
constant C∗ will be used.
We introduce the following
E(t) = 1
2
(g ◦ ∇u) (t)+ 1
2

1−
∫ t
0
g(s)ds

‖∇u(t)‖22 (4)
where, for any v ∈ L2(Ω),
(g ◦ v)(t) =
∫ t
0
g(t − τ)‖v(t)− v(τ)‖22dτ (5)
and finally, we state an important lemma by Martinez [13].
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Lemma 2.1. Let E : R+ → R+ be a nonincreasing function andψ : R+ → R+ be a C2 increasing function such that ψ(0) = 0
and limt→+∞ ψ(t) = +∞. Assume that there exists c > 0 for which∫ +∞
a
E(t)ψ ′(t)dt ≤ cE(a), ∀a ≥ 0. (6)
Then
E(t) ≤ λE(0)e−ωψ(t), ∀t ≥ 0 (7)
where λ and ω are constants.
Similarly to [11], we give the definition of a strong solution of (1).
Definition 2.1. A weak solution of (1) is a function
u ∈ C [0, T ); [H10 (Ω)]n ∩ C1 (0, T ); [Lm(Ω)]n
which satisfies∫ t
0
∫
Ω

∇u(x, s)−
∫ s
0
∇u(x, τ )dτ

· ∇φ(x, s)dxds+
∫ t
0
A(s)|ut |m−2ut(x, s) · φ(x, s)dxds = 0
for all t in [0, T ) and all φ in C [0, T ); [H10 (Ω)]n.
Remark 2.2. Similarly to [11], we assume the existence of a solution. For the linear case (m = 2), one can easily establish
the existence of a weak solution by the Galerkin method. In the one-dimensional case (n = 1), the existence is established,
in a more general setting, by Yin [3].
3. Decay result
In this section, we state and prove our main result. We start with some lemmas.
Lemma 3.1. Let u be the solution of (1) then, the energy satisfies
E ′(t) = −1
2
g(t)‖∇u(t)‖22 +
1
2
(g
′ ◦ ∇u)(t)−
∫
Ω
A(t) |ut |m dx ≤ 0. (8)
Proof. By multiplying the equation in (1) by ut , integrating overΩ we get (8), after some manipulations. 
Lemma 3.2. For any u(., t) ∈ H10 (Ω), we have∫
Ω
∫ t
0
g(t − τ)(u(t)− u(τ ))dτ
2
dx ≤ (1− l)C2∗ (g ◦ ∇u)(t).
Proof. By using Cauchy–Shwarz’ inequality, we easily see that∫ t
0
g(t − τ)(u(t)− u(τ ))dτ
2
=
∫ t
0

g(t − τ)g(t − τ)(u(t)− u(τ ))dτ
≤
∫ t
0
g(τ )dτ
∫ t
0
g(t − τ)|u(t)− u(τ )|2dτ .
Integration overΩ and use of (G1) and Poincaré’s inequality, yield the desired result. 
Theorem 3.3. Given u0 in H10 (Ω). Assume that (2) and (G1)–(G3) hold. Then there exist two positive constants ω and K ,
depending only on the initial data and c0, for which the solution of (1) satisfies
E(t) ≤ Ke−ω
 t
0 ξ(s)ds, ∀t ≥ 0. (9)
Proof. Wemultiply the equation in (1) by ξ(t)u, integrate overΩ × (a, T ),and use the boundary conditions to get∫ T
a
∫
Ω
ξ(t)A(t)|ut |m−2utudxdt +
∫ T
a
∫
Ω
ξ(t)|∇u|2dxdt
−
∫ T
a
∫
Ω
ξ(t)∇u(t) ·
∫ t
0
g(t − s)∇u(s)dsdxdt = 0. (10)
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We then estimate the last term as follows
−
∫
Ω
ξ(t)∇u(t) ·
∫ t
0
g(t − s)∇u(s)dsdx
=
∫
Ω
ξ(t)∇u(t) ·
∫ t
0
g(t − s) (∇u(t)−∇u(s)) dsdx−
∫ t
0
g(s)ds
∫
Ω
ξ(t)|∇u|2dx.
By substituting in (10) and adding and subtracting ξ(t)(g ◦ ∇u)(t), we obtain
2
∫ T
a
ξ(t)E(t)dt = −
∫ T
a
∫
Ω
ξ(t)A(t)|ut |m−2utudxdt
−
∫ T
a
∫
Ω
ξ(t)∇u(t) ·
∫ t
0
g(t − s) (∇u(t)−∇u(s)) dsdxdt +
∫ T
a
ξ(t)(g ◦ ∇u)(t)dt. (11)
By using Young’s inequality, (2), (4), (8), the boundedness of A, and condition (G3), we arrive at∫
Ω
A(t)|ut |m−2utudx ≤ δ
∫
Ω
|u|mdx+ Cδ
∫
Ω
|ut |mdx
≤ δCm∗ ‖∇u‖m + Cδ
∫
Ω
|ut |mdx
≤ δCm∗

2E(0)
l
(m−2)/2
E(t)+ Cδ
∫
Ω
|ut |mdx
≤ δC1E(t)− Cδc0 E
′(t), ∀δ > 0. (12)
Also, we have∫
Ω
∇u(t) ·
∫ t
0
g(t − s)

∇u(s)−∇u(t)

dsdx ≤ δ‖∇u(t)‖22 +
1
4δ
∫
Ω

∫ t
0
g(t − s)

∇u(s)−∇u(t)

ds

2
dx
≤ δ‖∇u(t)‖22 +
1
4δ
∫ t
0
g(s)ds

×
∫
Ω
∫ t
0
g(t − s)|∇u(s)−∇u(t)|2dsdx
≤ 2δ
l
E(t)+ 1− l
4δ
g ◦ ∇u, ∀δ > 0. (13)
By combining (11)–(13) and using
ξ(t)(g ◦ ∇u)(t) ≤ −(g ′ ◦ ∇u)(t) ≤ −2E ′(t),
we easily deduce
2
∫ T
a
ξ(t)E(t)dt ≤

δC1 + 2δl
∫ T
a
ξ(t)E(t)dt − Cδ
c0
∫ T
a
ξ(t)E ′(t)dt +

1+ 1− l
4δ
∫ T
a
ξ(t)(g ◦ ∇u)(t)dt
≤

δC1 + 2δl
∫ T
a
ξ(t)E(t)dt + Cδ
c0
ξ(0)E(a)− 2

1+ 1− l
4δ
∫ T
a
E ′(t)dt
≤

δC1 + 2δl
∫ T
a
ξ(t)E(t)dt +

2+ Cδ
c0
ξ(0)+ 1− l
2δ

E(a). (14)
Choosing δ small enough, we obtain∫ T
a
ξ(t)E(t)dt ≤ λE(a), ∀a ≥ 0.
By letting T go to infinity, one can easily see that (6) is satisfied with ψ(t) =  t0 ξ(s)ds. Therefore (9) is established. This
completes the proof. 
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